The asymmetry of the bronchial tree has been reported on numerous occasions, and bronchi in the lung bifurcate most of the time into a major and a minor daughter. Asymmetry is most probably bound to play a role on the hydrodynamic resistance and volume occupation of the bronchial tree. Thus, in this work, we search for an optimal asymmetric airway tree crossed by Poiseuille flow that would be a good candidate to model the distal conductive part of the lung. The geometry is controlled by major and minor diameter reduction factors that depend on the generation. We show that the optimal asymmetric tree has diameter reduction factors that are adimensional from the second level of bifurcation and that they are highly dependent on the asymmetric ratio that defines the relative sizes of the major and minor branches in a bifurcation. This optimization also gives access to a cost function whose particularity is to be asymmetric around its minimum. Thus, the cliff-edge hypothesis predicts that if the system suffers variability, then the best tree is shifted from the optimal. We apply a recent theoretical model of cliff-edge in order to measure the role of variability on the determination of the best asymmetric tree. Then, we compare our results with lung data of the literature. In particular, we are able to quantify the variability needed to fit the data and to give hypothesis that could explain, at least partially, the shift found between the optimal tree and the measures in the case of asymmetric bronchial trees. Finally, our model predicts that, even if the population is adapted at best, there always exist individuals whose bronchial trees are associated with larger costs comparatively to the average and who ought to be more sensitive to geometrical remodeling.
Introduction
Air distribution in the lungs during ventilation is highly dependent on the geometric properties of the bronchial tree. One of the most critical parameters that intervene is the bronchial hydrodynamic resistance. A large number of studies have been performed in order to better understand the geometry of the bronchial tree through its hydrodynamic performance and more precisely through that resistance [1] [2] [3] [4] [5] [6] . The decrease of air velocity along the generations of the bronchial tree allows people to model and study in different ways the behavior of 1 Author to whom any correspondence should be addressed. air in the proximal and distal parts of the bronchial tree. Thus, in the most proximal regions (up to generation six at rest), the range of air velocities implies the existence of inertia and the full nonlinear Navier-Stokes equations have to be used in order to fit at best the reality [5, 7] . In contrast, in the distal regions, air velocity becomes small enough to work with the linear Stokes regime and to assume Poiseuille's laws. Such approaches have lead to the study through idealized geometries of the optimality of the distal lung geometry by minimizing its resistance at constrained volume. Even though these models did not take into account all the numerous constraints that ought to influence the lung geometry [8] , they have nevertheless given very interesting results. The study [9] has addressed the case of dichotomical and symmetrical branching trees and has shown that the optimal tree does not exactly match Weibel's data of the lung geometry. To explain this shift, the hypothesis of the existence of a security margin that protects the resistance of the tree against a sensitive optimal has been stated.
Later, in [10] , an evolution model has integrated to these works a notion of inter-individual variability that expresses itself during the development. The authors assumed that the lung geometry is an inherited biological trait whose expression is subject to a noise, mainly due to environmental conditions. They have shown that such a variability could have a role on the selective processes in evolution. Note that, in the following, the term 'variability' will always be used with such meaning. The role of this variability on natural selection had been already hypothesized in the past and called the cliff-edge hypothesis [11] . Thanks to their model, the authors of [10] have proposed quantitative predictions on the shift to the optimal present in the lung geometry and have quantified the variability needed to explain such a shift.
Recent progress on computer tomography (CT) has brought new data on lung in vivo. In particular, recent CT studies [12] [13] [14] [15] have shown that although the bronchial tree is indeed a quasi dichotomous tree, its branchings are not symmetric. Even though the tree structure is an important feature of the bronchial tree [5, 10] , the fact that its branchings are asymmetric will obviously have important consequences on the optimal values and on the possible shifts induced by variability in the sense of [10] . Studies in asymmetrical trees have been performed in the past; nevertheless most of them used asymmetric models of the bronchial tree based on morphometry. They obtained important information on the characteristics of the flow. Hence, studies using numerical simulations were made to investigate inertial flow in models of the proximal asymmetric parts of the lungs, like in [16, 17] . Other studies have used asymmetric models based on morphometry of the whole bronchial tree, for example, to investigate flow limitation in forced expiration [18] . However, in our knowledge, no one was dedicated to the geometry itself and to the determination of optimal asymmetric trees in order to better understand the geometry of the bronchial tree.
Hence, in this paper, we propose a study of the optimality of a dichotomous and asymmetrically branching tree that would be a good candidate for modeling the distal conductive parts of the bronchial tree. Our model will be based on the following hypothesis, similar to those in [9, 10] : (i) air flow is assumed sufficiently low to follow Poiseuille's regime; (ii) the number of generations is homogeneous in the tree; (iii) we will focus on two parameters in the optimization process: viscous dissipation of the fluid in the tree that will be minimized and volume of the tree that will be constrained; (iv) to study the role of variability, we will assume that this tree is an inherited biological trait which is submitted to variability in its expression. In order to find the optimal tree, we will first recall the characteristics of the flow that minimizes the dissipation in a given tree [19] : the flow distribution that minimizes the dissipation in a dichotomous tree of N generations is given by a homogeneous distribution of pressures at its roots. This result will become a basis hypothesis when we will search for the best geometry and it will induce interesting and useful consequences on the structure of the flow in the tree. Then we will search for an optimal tree in the sense that its resistance is minimal and its volume constrained. Again, we will found that the optimal is shifted from the values measured in the literature [14, 15] . In order to explain this shift, we will apply the theory developed in [10] to predict the role of biological variability in the particular case of an asymmetrically branching airway and discuss its consequences and its applicability to the distal subtrees of the bronchial tree in light of data from the literature.
Hypothesis and methods

Tree and fluid hypothesis
The bronchial tree is a dichotomical branching tree of about 23-24 generations. The branching process that forms the generation n + 1 from the generation n is quite regular [20] . The tree can be divided into two parts, a purely conductive part ranging from the trachea to generation 16 and an exchange part, the acinus, beginning at the 17th generation [1] . Reynolds numbers in the bronchial tree are decreasing along the generations [1] , and we will restrict our study to the part of the bronchial tree where flow can be considered at Poiseuille regime at rest, i.e. below the sixth generation as stated in [5, 9] .
In the following, we will use a theoretical airway tree as a model for a subtree of the distal part of the conductive bronchial tree, namely from generation 6 to generation 16. We will neglect the role of bifurcations on flow dissipation as in [5] . The generations of the tree will be numbered from 1 to N. This tree will branch asymmetrically; thus, each branching will exhibit a major daughter branch and a minor daughter branch. A mother branch of generation j, length L and diameter D will divide into one major branch of generation j + 1 whose diameter will be h 1j × D and length k 1j × L, and one minor branch whose diameter will be h 2j × D and length k 2j × L, see figure 1. Practically we will consider a number N of generations of 7. Indeed, we want to avoid branches that have nonphysiological diameters, at least for physiological values of the h lj and k lj ; thus, the smallest diameter accepted will be that of the entry of the acinus, about half a millimeter.
As stated in the introduction, our model has a number of generations that is uniform in the whole tree. Consequently, asymmetry expresses itself only through the lengths and diameters of the branches. However, it has been shown, for example in [21, 22] , that the number of generations in the bronchial tree is not homogeneous. We choose not to integrate this property in our model for the sake of simplification.
Minimal dissipation in an airway tree
In a given tree geometry, the viscous dissipation is dependent on the distribution of the flows in the different branches. Thus, if we want to address the question of finding the airway tree that minimizes dissipation, we will face the problem that the tree found will probably depend on the flow distribution chosen. Hence, a good choice of flow distribution is important. Because our goal is to find the most minimal dissipation, it would be interesting to work with flow distributions that minimize the dissipation in the airway trees. In [19] , it has been proven that viscous dissipation in a dichotomous tree crossed by a given flow under Poiseuille regime is minimal when pressures at its roots are homogeneous. This property has been proven using a resistance matrix introduced in [23] that links the pressure drops and flows (both expressed in vectorial forms) at tree roots. More precisely, it shows that the viscous dissipation in the airway tree is minimal when pressures at roots are identical. We recall a proof of this result in appendix A. One of the most interesting parts of this property is that it does not depend on the tree geometry as soon as the tree is dichotomous and have a given number of generations. This property will apply to our model and will greatly simplify the following study. As a consequence and because of the particular structure of our airway tree, the pressure at all branching points between two same generations are equal, see appendix B for more details. With this last result, we can calculate the expression of the equivalent resistance of the airway tree (this expression can be easily proven using a recurrence argument):
This equivalent resistance will be minimized relatively to the parameters defining the geometry of the tree by assuming that the total volume V of the airway tree is a constraint: V = . Indeed, it is reasonable to assume that the volume of the bronchial tree has been limited by evolution in order to maximize the volume available for the alveoli (representing 90% of the volume of human lung) as in [9] . The expression of the volume of the airway tree can also be calculated:
Once the tree that minimizes the viscous dissipation at constrained volume is found, it will be compared with lungs data in the literature. Note that lung is a very complex organ and other parameters, which must also have played a significant role on distal bronchial tree evolution, had not been considered in this work. Nevertheless, studying viscous dissipation and volume only has already given encouraging results in the previous studies [9, 10] when confronted to physiological data. This guided our choice of physical parameters and indicates that it seems reasonable to assume that both had an important role in the selective process of the lung geometry.
Length and diameter ratios
One of the important properties of the flow in an airway tree following our geometrical hypothesis and assuming constant pressure at tree roots is that the pressure is the same at each bifurcating point between the two same generations (see appendix B). The difference between the major and minor branches has important consequences on flow distribution, indeed an identical pressure drop in two sister branches 1 and 2 of the tree will induce different flows if they have different radii and consequently different resistance. Using Poiseuille's law, a simple analysis leads to
This relation shows that the repartition of the flow between sister branches is linked to the ratio of the diameters and of the lengths of these branches. If we assume that the flow in a branch is proportional to the volume this branch has to feed (proportional to the number of alveoli in the case of the lung), then V 1 /V 2 = q 1 /q 2 . To go further, we need more information on length ratios; unfortunately, no information is really available in the case of asymmetrical branching. However, it is known that the mean of the length over the diameter ratio in the lung remains around 3 [14] . Thus, a reasonable hypothesis would be to state that the length over the diameter ratio of two sister branches is the same to avoid nonphysiological long branches in the deepest generations (that would be a consequence of the multiplicative process). The ratio of length over the diameter of two sister branches 1 and 2 is (k 1 h 2 )/(k 2 h 1 ); thus, to keep the ratio of length over diameter constant it is necessary to have
3 . Because CT measurements in [15, 14] have shown that the diameter ratios in the range of generations measured are grossly constant in the bronchial tree; this shows that whatever the sister branches, the ratio between the volume they have to feed is the same. Thus, we have to keep the same repartition of flows between sister branches and consequently to assume that h j 2 = a × h j 1 and k j 2 = a × k j 1 (with a < 1, making h j 1 the major factor and h j 2 the minor one). a is called the asymmetric ratio of the tree. Moreover, in the following, we will assume that k 1j = k 1 and k 2j = k 2 for the sake of simplification.
Results
Optimization process
We recall our hypothesis on the geometrical parameters:
We search for the minimal value of the equivalent hydrodynamic resistance R of our airway tree (equation (1)) relatively to the (h 1j ) j assuming that its total volume V (equation (2)) is constrained to a given value . We call λ the Lagrange multiplier associated with this constraint and L = R + λV the corresponding cost function. Then we solve the equations ∇ h 1j L = ∇ h 1j (R + λV ) = 0 and V = . We define the
The optimization process minimizing R relatively to (h 1j ) j while assuming the volume constant leads to the following optimal:
In the optimal tree, the first bifurcation, controlled by h 11 , is the only one that depends on the size parameters of the geometry (R 0 , V 0 , , etc). Once the first bifurcation has been gone through, the other branches bifurcate adimensionally and their diameter ratio h o depends only on the ratio between the major and the minor diameter a.
Would have we kept the (k ij ) in a general form, such an optimization would have not been able to give any information on their possible optimal values because both volume and resistance depend linearly on these variables.
Influence of variability: determination of the shift of the optimal
We will consider the diameter reduction factor of the major daughter as the inherited trait that suffers variability in its expression. We will assume that this ratio is independent of the generation, except the first one which is kept at its optimal value. In the following, the inherited trait (genotype) is denoted by k, while the expressed trait (phenotype) that is submitted to variability is denoted by h. We will assume that for any individual with the inherited trait k, the expression h of this trait in its offspring is randomly distributed according to a Gaussian function centered on k:
The value of σ determines the amplitude of the variability; in particular σ = 0 means that there is no variability, while a large value for σ means there is a large variation in the expression of the trait. Now, the optimal trait is reached for the value k that maximizes the growth rate function [10] :
where f (h) is the fitness of an individual who has expressed the trait h. The fitness function links the success of an individual to its trait, here the value of its homothetic ratio being h. Within the framework of our model, the fitness can be viewed as the normalized inverse of the cost function L = R + λV defined thanks to the optimization process. Thus, our choice figure 2 (right) and the corresponding fitness is plotted in figure 3 . To fit with [10] , it is important to note that the fitness function is proportional to a ratio between a reproductive rate and a mortality rate. The condition F (k) > 1 which ensures that the population does not extinct is much more difficult to establish. Actually, in [10] , hypotheses were made on the reproductive and mortality rate in order to obtain this condition; however, no precise data are available (in particular concerning the minimum of the mortality rate and the reproductive rate shape and amplitude). Without such hypothesis, it is not possible to determine the amplitude of F; however, the position of the maximum of F remains independent of its amplitude. Hence, we chose to normalize the fitness to 1 at its maximum and to focus our study to the sole position of the maximum of F. With these hypotheses, we can find the optimal major reduction factor k(σ ) that maximizes the value of the growth rate function F σ . The dependence of this value relatively on σ is plotted in figure 4 . To obtain the function k(σ ), we used a deterministic numeric approach consisting first of building in Matlab the function
) and then of searching for the value k that maximized this function at a given σ .
As we expected, the new optimal values including variability are larger than the optimal value h o without variability. Indeed, the shift is directed toward the flattest part of the cost function (figure 2, right) in order to avoid the steep part (the 'cliff'). Now the amplitude of the shift increases with the amount of variability in h, i.e. increases with σ , see figure 4 (left). The optimal reaches a plateau when the variability is high and tends to the fitness weighted mean of h (namely k(σ )
, and the optimal trait k is the one that maximizes the fitness, i.e. that minimizes the cost function L; thus,
. The optimal major diameter ratio for a variance σ, k(σ ), is an increasing function of σ ; thus, we can obtain the range of possible optimal major diameter ratios, actually
The domain defined by these inequalities is represented in figure 4 (right) for values of a going from 0 to 1. Values of a for a human lung have been measured and are available in the literature; they are summarized in [14] . Their range is shown in the same figure by the vertical dotted lines.
Discussion
Optimal geometry of an asymmetric tree without variability
The optimal value of the major diameter reduction factor is h o = 1/(1+a 3 ) 1 3 , except for the first level of bifurcation. Thus, in an optimal tree, a mother branch of the second or lower generation will bifurcate into two daughter branches whose diameters are that of the mother branch multiplied by h o and a ×h o . In particular, all these major diameter reduction factors have the same optimal value, implying that the branching process becomes adimensional in the optimal tree once the first bifurcation has been gone through. Speaking of the first bifurcation, this is the only one that contains information on the global geometry and constraints (total volume, number of generations of the tree, etc).
Considering the asymmetric ratio a, both asymptotic cases (a → 0 and a → ∞) lead to similar behaviors with one daughter branch of the same size than the mother branch (h = 1) and the second daughter branch closed (h = 0). If the branching is symmetric (a = 1), then we retrieve the well-known Hess-Murray law h o = 1/2 1 3 [9, 24] . Measurements of branching asymmetry in the lung have been performed for the first generations of the bronchial tree and the observations have given a range of values of a [14, 15] going from 0.74 to 0.86. Using the mean value, a = 0.8, leads to an asymmetric tree with a major branching factor of 0.87 and a minor branching factor of 0.70.
The variations of h o relatively to a ∈ [0, 1] are plotted in figure 2 (left) . h o is decreasing when a increases. a = 0 corresponds to a tree reduced to a single branch of constant diameter, while a = 1 corresponds to a tree that branches in a symmetric way. If we consider the mean optimal homothetic factor,
3 ), then we can see that the optimal asymmetric trees (a < 1) have average branch diameters that are smaller than the symmetric tree and that are monotonically increasing with a. Indeed, if a → 0, h mean goes to 1/2, while for a = 1, h mean = 1/2 1/3 ∼ 0.79. Obviously, this property is correlated with the fact that the resistance of a branch varies with the inverse of the diameter at power 4. Thus, in an asymmetric branching tree, the wide branch of a bifurcation compensates more than linearly the increase of resistance due to its small sister.
Consequence of the variability on the cost function
The correct cost function that has driven the selective process of the bronchial tree remains unknown since it is probably not possible to isolate all the parameters that intervened and how they interacted together. Nevertheless, under the hypotheses of our model, that bound our study to only two physical parameters (resistance and volume of the tree) and to a particular topology of the structure, it has been possible to exhibit an associated cost. Indeed, the calculation of the preceding optimal introduced the function L = R+λV , and the process of optimization determined the value of λ that weights the role of the resistance and volume accordingly to our model. Thus, this process determined the one function that has a proper physical meaning and that needs to be minimized in order to find a consistent solution. Hence, L can be considered as the cost function adapted to our model.
In order to understand how variability can affect the resistance and volume of the tree, it is interesting to study the variation of the cost around its minimal value assuming all (h i,1 ) i 2 are equal to a single value h (h 11 is kept to its optimal value) and to make h vary around its optimal value 1/(1+a 3 ) 1 3 . An example of the cost function variations around the optimal value of the major homothety ratio is plotted in figure 2 (right) (a = 0.8). The shape of the curve exhibits a steep part for values lower than the optimal and a flatter part for values higher than the optimal. Such an asymmetric cost function implies a sensitivity of the optimal system to the variability of the associated trait (here the factor h). Under the hypothesis that the geometry would be an inherited trait, we can give an evolutionary insight of this sensitivity: an individual too close to the optimal will have offspring whose trait will be distributed around the optimal because of the variability of the trait expression. Thus, a proportion of its offspring will exhibit a trait that corresponds to high costs.
Hence, the success of this individual would be better if its inheritable trait were shifted toward the flattest part of the curve in order to avoid its offspring to 'fall off the cliff' [10, 11] . Obviously the amplitude of the shift is directly linked to the amplitude of variability and to the shape of the cost function. Such phenomena could also appear in the conception of best possible systems in industrial environments where tolerance would play the role of variability.
Model's admissible values for the major diameter ratio
The role of variability is controlled by the value of σ in the Gaussian distribution (4) . An example of the behavior of the shift from optimal value versus σ is plotted in figure 4 (left) for a = 0.80. The increase of the shift is the largest for small σ 's and slows down when σ becomes larger. This is the consequence of the shape of the fitness function whose influence on the growth rate function (5) is larger near its maximum. This property shows in particular that it is not always judicious to neglect variability even if it is small. Moreover, if variability is large relatively to the parameter considered, the shift will not depend much on σ anymore.
The model also predicts the sign of the shift and bounds its range. Indeed, for our particular case, we observe that the shift induced by variability is always positive and remains bounded between h o and hf (h) dh/ f (h) dh, as shown in figure 4 (left) for a = 0.80. This observation gives important information on the range of possible values for the shift due to variability. On the right part of figure 4 are plotted the minimal (continuous line) and maximal (dashed line) boundaries of the major diameter reduction factor versus the value of the asymmetric ratio of the tree a. The possible range depends a lot on the parameter a; hence, for a close to 0, the range is [1, 1.14] and for a close to 1, the range is [0.79, 0.89]. The amplitude of the range is also decreasing when a is increasing.
Keeping in mind the limits and hypotheses of our model, it is interesting to compare its predictions with physiological data. The range of asymmetric factors given in the literature for the lung [14] is plotted in figure 4 in dotted lines. The resulting domain defines a range of possible values for the major diameter reduction factor depending on the variability σ and on the asymmetric ratio a. We can see that most of the admissible values given by the model are smaller than 1 and larger than 0.85. If we consider the mean value of measured a for the lungs, 0.80 [14] , the major diameter factor ranges from 0.87 (σ = 0) to 0.98 (σ = +∞) and the associated minor diameter factor ranges from 0.70 to 0.78.
In order to compare these values with the data found in the literature, it is easier to work with the mean diameter reduction factor h mean = h maj (1 + a)/2. Hence, a = 0.80 gives a mean factor of 0.78 without variability and of 0.88 with infinite variability. If we consider first the value of 0.85 from Weibel's data and used in [10, 5, 20] , our model predicts that it is reached for a variability σ = 0.24. It is slightly higher than the one found for the symmetric tree in [10] , σ = 0.20.
More recent studies have also published values of the mean diameter reduction factor. Its range goes from 0.71 ± 0.14 [14] to 0.93 (confidence interval not known) [25] . A review of the different evaluations of this factor is made in [14]; however, these measures are difficult to apply to our model because most of them take into account indifferently the distal and proximal bronchi, the last ones being subject to inertial effects that are not accounted for in our model. We decided however to use the mean value of all these studies, h mean = 0.80, as a first approximation. Hence, using this value of h mean along with a = 0.80 gives a variability of σ = 0.06. The value for σ is thus quite sensitive to the data entered into the model. A high σ implies that the diameter reduction factor is widely distributed in the population; thus, σ = 0.24 for h mean = 0.85 means that a large number of individuals have very high (larger than 1) or very small (close to 0.5) diameter reduction factors. In contrast, h mean = 0.80 corresponds to σ = 0.06, and the distribution of the factor in the population is more confined and less individuals would have high-cost airway trees, which is more satisfactory in terms of physiology.
Distribution of the trait in the population
The model developed in [10] is able to predict precisely the distribution of the factor affecting the tree geometry in the population, at least if we know the mortality rate m(h). Indeed it is shown in [10] that the population distribution is proportional to G σ (h, k)/m(h). In order to plot figure 5, we made the hypothesis that m(h) = 1/f (h) (f (h) is the fitness function defined upward. It means that only the mortality rate depends on h but not the reproductive rate. Figure 5 corresponds to the case a = 0.8 and h mean = 0.8.
An interesting point is that this prediction shows the existence of a few number of individuals that have low fitness, even for the case of a population whose trait maximizes the growth rate function. If we assume that this behavior is true for the lung geometry, then it indicates that some individuals should have lungs with either higher resistance or higher volume than the average. Thus, our results show that if variability interacts with the expression of an inherited trait affecting the lung geometry, it is inevitable for a small proportion of the population to be more sensitive than others to pathologies or environmental changes that affect the geometry of their tracheobronchial tree (remodeling), such as asthma, allergies, etc [9] . However and more generally, these individuals represent a reservoir for adaptation. Indeed, in the case of brutal environmental changes, the probability of survival of the population is increased if a low-frequency trait becomes well adapted under the new conditions.
Low flow and geometry hypothesis
We assumed low flow regime in order to be able to work with an equivalent hydrodynamic resistance of the whole tree. For the bronchial tree, such a hypothesis is reasonable only for distal generations. The generation after which this hypothesis holds is dependent on the regime of airflow. Some numerical simulations have been performed in the past in order to evaluate the position of this transition. In [9] , the transition at rest regime has been evaluated to be around the sixth generation in a symmetrical branching tree. While in an asymmetric tree, the position of this transition should be dependent on the path from the airway considered to the trachea; this gives nevertheless a good indication as to where low flow regime should become a reasonable hypothesis. The inertial effects existing in the first bifurcations of the bronchial tree would probably lead to different optimal factors because hydrodynamic resistance becomes dependent on the flow. This could give hints on why the diameter reduction factors measured experimentally on bronchial trees (by CT scans) are different for the first levels of bifurcation of the bronchial tree [14, 15, 25] . These measurements also show that this factor is stabilizing to a quasi constant value after these first bifurcations. This stabilization is coherent with the progressive disappearance of the inertial effects along the generations of the bronchial tree and with our prediction of a generation-independent optimal factor. Concerning these measures, as told in [15] , the visible bronchi in the CT scan of a given generation are the largest ones. Thus, the mean diameter of bronchi obtained by direct measurement is probably over-estimated because the smaller bronchi are not accounted for. For example, a CT scan only sees the 84% largest bronchi of the sixth generation [15] . Moreover, the deepest generations are very difficult to measure and, in our knowledge, very few data are available for bronchi lower than the 10th or 11th generations. Thus, it is yet difficult to evaluate precisely the values of the diameter reduction factors and consequently to determine quantitatively the amplitude of a shift possibly induced by cliff-edge phenomena.
Finally, the property of asymmetrical branching has important consequences on the shape of the global volume. Indeed along a path following the minor branches and a path following the major branching, the ratio between the volumes fed by these two paths is a 3N where N is the length of the tree. If N is large, then this number becomes small. The distribution of the volumes to feed is thus irregular, and if N goes to infinity, follows what is called a multi-fractal distribution [26] . Similarly, the diameters of the branches of the last generation of our model are distributed in a wide range of sizes, the largest measuring h The largest has thus a diameter about four times the smallest for a seven-generation tree. Hence, if we assume that the diameter of the exchange region (the acini, below the 17th generation) is the same in the whole tree, obviously there must be more generations down the largest diameter bronchi than down the smallest diameter bronchi: this implies that the tree is longer on some pathways than on others; see for example models developed in [21, 22] . In order to apply our model on such a tree, it is no longer necessary to see the last generations of branches as 'true' branches but as branches which represent the downward structures and their equivalent resistances and volumes. Then, the optimization would give the same results as before but on resistance ratios between two brother trees instead of diameter ratios. It is noteworthy that the two brother trees may have a different number of generations.
Conclusion
In this work we considered a dichotomous airway tree with an homogeneous number of generations whose branches bifurcate in an asymmetric way. We assumed that air crosses this tree at low regime, allowing the use of Poiseuille's laws. We studied the interaction of two physical parameters and look for the optimal tree: we minimized the viscous dissipation of the fluid in the tree by maintaining its volume constant. Then, we made the hypothesis that this tree geometry is an inherited trait that is submitted to variability in its expression. With this new statement, we looked for how it alters the optimal tree using the two same physical parameters.
We have shown that the optimal geometry of an asymmetric airway tree is highly dependent on its asymmetric ratio a. As for the symmetric tree, the optimal geometry is given by a branching process that is adimensional as soon as the first bifurcation has been gone through. The mean optimal diameter reduction factor of the optimal asymmetric tree is smaller than the one for the symmetric tree; thus, on average the diameters of the optimal asymmetric tree are smaller than the ones of the optimal symmetric tree. Moreover, we show that the cost function obtained during this process of optimization is asymmetric around the optimal value. This characteristic implies a sensitivity that is such that if the tree is an inherited trait that is transmitted to descendants, and if the expression of this trait is submitted to variability (mostly environmental), the best geometry is not the one that minimizes the cost function, but the one that is shifted toward the flatter part of the cost function, as predicted by the cliffedge hypothesis.
Although this model did not take into account the full complexity of the bronchial tree, it could however bring important hints that could help to understand the distal conductive parts of the lungs. Indeed, within the limits of our model, applying these results to the distal subtrees of the bronchial tree leads to important information on the theoretical optimal and on the 'quantity of variability' (measured in our model by a standard deviation σ ) that would induce the shift to this theoretical optimal. Thus, for an asymmetric ratio a = 0.80, we predict a positive shift on the mean diameter reduction factor, the factor that is bounded between 0.78 (σ = 0) and 0.88 (σ = +∞). If we want to fit a mean diameter reduction factor of 0.80, the variability that is needed to have such a mean corresponds to a standard deviation σ = 0.06. Finally, our model also predicts the existence of individuals whose lungs are relatively costly and that ought to be more sensitive to geometrical remodeling of their bronchial tree, even if the population is adapted at best.
Appendix A. Optimal flow in a dichotomical tree [19]
We recall here the result of [19] that states that the flow distribution in a dichotomical tree of N generations (N ∈ N * ) that minimizes the dissipation in Poiseuille regime is obtained by putting identical pressures at the leaves of the tree.
We call p the vectorial pressure drop between the root of the tree and the leaves of the tree. This vector is of size 2 N−1 . Similarly, we call q the vector of the same size of the flows at the leaves of the tree. Because the regime is linear, there exists a symmetric invertible matrix A of size 2 N−1 × 2 N−1 [19, 23] , such that
Then a simple calculation shows that the dissipated energy in the tree can be expressed as
Finally, we assume that the total flow crossing the tree is ; thus, = 
E(q).
If we call λ the Lagrange multiplier associated with the constraint t J q = , then the couple (q o , λ) verifies the equations
Finally, the flow distribution that minimizes the dissipated energy E under the constraint chosen is
Since J is a vector with 1 on each its components, p o is a vector whose components are all equal to Note that, this result is quite general and does not depend on the shape or relative shapes of the bronchi, but only on the topology of the tree (namely, a regular branching-one mother branch always divides into n daughter branches-and the number of generations between the root and a leaf is the same for all leaves). It is true only when flow and pressures at leaves are linearly dependent.
Appendix B. Bifurcation pressures
We consider an asymmetric dichotomous tree of N generations crossed by the flow that minimizes the dissipation. Appendix A shows that this flow is characterized by an identical pressure at each leaf. We will show that under these hypotheses the pressures at bifurcation points between two same generations are equal.
The first step is to consider a tree of two generations. Its root branch has an hydrodynamic resistance R 0 and its two leaves have hydrodynamic resistances R 1 and R 2 . We assume that the pressure at the root of the tree is p 0 and that the pressures at its leaves are equal to p 1 . The pressure p at the bifurcation is equal to
This formula shows that another two-generation tree, which has branch resistances proportional to those of the first tree, i.e. αR 0 , αR 1 and αR 2 , and has the same pressure distribution at root and leaves, would have the same bifurcation pressure. Now, as a second step, we consider an asymmetric dichotomical tree of N generations. The branching process in the tree verifies the following rules: the mother branch divides into a major and a minor branch. If the mother branch of generation i has a diameter D and a length L, then the major daughter branch has a length k 1,i × L and a diameter h 1,i × L and the minor branch has a length k 2,i × L and a diameter h 2,i × L.
This particular structure implies that two subtrees expanding between the two same generations have branches whose hydrodynamic resistances are proportional through a factor that is dependent on the h 1,i , k 1,i , h 2,i and k 2,i . The factor linking two corresponding branches is the same for all the branches of the subtrees. This property will be referred to in the following text through ( * ).
In order to explain the process that gives the property we are looking for, we will prove it for a tree of four generations, see figure 6 . We call T i (i = 1, 2, 3, 4) the four subtrees between generations 3 and 4, and S 1 and S 2 the two subtrees between generations 2 and 4.
The two subtrees S 1 and S 2 have three generations. Thanks to the remark ( * ), the resistances of the branches of S 1 are proportional to those of S 2 . Moreover, S 1 and S 2 can be considered as two-generation trees if we use equivalent resistance for the subtrees T i (which is adapted because they have the same pressure at their leaves). Then, the first step shows that the pressures at the bifurcations between generation 2 and 3 are the same. This implies in particular that the pressures at the roots of the four trees T i are equal.
The subtrees T i have the same pressures at their roots and at their leaves (flow that minimized the dissipation in the tree). The remark ( * ) shows that the first step applies and the pressures at the bifurcating points of the subtrees T i are equal.
Finally, we have shown that the pressures at the bifurcations between two same generations are equal. This reason can be easily extended to a tree of N generations.
